Abstract-In this brief, the contraction theory is applied to the synchronization of a network. The association between the contraction principle, the Lyapunov exponents of a system, and the master stability function of the network is pointed out. Novel sufficient criteria for the fulfillment of a synchronous state are derived.
I. INTRODUCTION
T HE STUDY of coupled oscillators is a common problem in a variety of different research areas such as mathematics, biology, robotics, electronics, and neuroscience (see, e.g., [1] and [2] ). Indeed, many complex systems in nature and technology can be described as networks (or graphs) of interacting agents communicating over the network links. Examples include neural systems, the World Wide Web, and electrical power grids [3] . A typical problem is to find conditions to guarantee the synchronization of a network of identical nonlinear oscillators, so that all oscillators asymptotically converge toward the same common evolution. Rigorous stability results were obtained by constructing appropriate Lyapunov functions (see, for example, [4] ) or by means of local tools such as the master stability function (MSF) introduced in [5] . The former approach requires the coupling matrix to be positive definite and aims at proving global stability of the synchronous evolution. The MSF, instead, uses Lyapunov exponents to guarantee the local transversal stability of the synchronization manifold, assuming that the coupling functions and vector fields can be locally linearized and block diagonalized.
In the aforementioned approaches, stability is considered with respect to a particular solution or to some invariant set. However, in synchronization problems, we are typically interested in finding conditions guaranteeing the evolution of all the trajectories, i.e., solutions of the nodes of a network of interest toward a stable manifold, which is a priori unknown. For this reason, a possible approach to the study of synchronization would be that of studying the convergence properties of all solu- tions rather than of one a priori solution or set. The first results on asymptotic stability of all solutions of a nonlinear dynamical system are due to the Russian mathematician Demidovich [6] . Several decades after Demidovich's publications, the interest on the stability properties of trajectories with respect to each other is revived: the incremental stability [7] and contraction theory are indeed related to these concepts. The contraction theory has been established as an effective tool for analyzing the convergence behavior of nonlinear systems in state-space form. It was successfully applied to both nonlinear control and observer problems [8] , [9] and, more recently, to synchronization and consensus problems in complex networks [10] . A pressing open problem that is only marginally addressed in the existing literature [11] is understanding the relationship between the MSF approach, which is mostly developed (and used) within the physics community, and the contraction theory approach, which is proposed within the nonlinear control theoretic community. The aim of this brief is to address this open problem. We shall seek to establish a formal link between the MSF and the contraction principle by giving a novel set of conditions under which a given network (characterized by a general topology, linear or nonlinear coupling, and regular or chaotic dynamics at the nodes) synchronizes.
II. PROBLEM STATEMENT
We consider graphs in which each node is a nonlinear autonomous system; the coupling can be either a linear or a nonlinear function of all or some of the system states. Specifically, we assume that there are N identical nodes, with dynamics given byẋ
where x i ∈ R m , and f : R m → R m ; then, the dynamics of the whole network can be represented aṡ
T , ⊗ indicating the direct product, L representing the N × N Laplacian matrix, and h : R m → R m as a coupling function. The network is said to be synchronized if all oscillators converge toward the same synchronous state, which is characterized by the stability properties of the synchronization manifold, defined as {x ∈ R mN :
III. PROVING SYNCHRONIZATION
In this section, we briefly review the main features of the two approaches of our concern used for the study of synchronization: 1) the contraction theory and 2) the MSF (see [5] and [12] for further details).
A. Contraction Theory
A nonlinear dynamical system is called contracting if initial conditions or temporary perturbations decay exponentially fast. We consider general deterministic systems of the form (1). All quantities are assumed to be real and sufficiently smooth. Recall that a virtual displacement is an infinitesimal displacement at fixed time. Formally, it defines a linear tangent differential form [12] . Considering two neighboring trajectories of the flow, the virtual displacement δx between them and the virtual velocity δẋ, we have
From (3), we get
where λ max (x) is the largest eigenvalue of the symmetric part of the Jacobian (∂f /∂x). Hence, if λ max (x) in (4) is uniformly strictly negative, any infinitesimal length exponentially converges to zero. By path integration, this immediately implies that the length of any finite path in phase space exponentially converges to zero, i.e., that distances shrink in phase space. The contraction principle, which is derived in [12] , can be stated as follows. Theorem 1: Let x(t) andx(t) be two generic trajectories of (1). Let M t : B ε (x(t)), and let C ⊆ R m be a contracting region in phase space, which is defined as C :
+ , and vice versa. Thus, all the solutions of (1) starting from any initial condition inside the contraction region will remain in C and exponentially converge to a single trajectory. Take note of the following: 1) In Theorem 1, M t is an invariant time-varying set; and 2) the dynamics along a chaotic attractor are not contracting as they are characterized by local exponential divergence of nearby trajectories. To apply the contraction theory to synchronization of networks, the construction of a virtual system is needed [9] . Such a system depends on the state variables of the oscillators and on some virtual state variables. The substitution of the ith node state variables into the virtual state variables returns the dynamics of the ith node of the network. The proof of the contracting property with respect to these virtual state variables immediately implies synchronization.
Example 1: Consider two coupled nonlinear systemṡ
where h is some output function. A suitable virtual system can be chosen aṡ
Trajectories of the nodes are particular solutions (x-solutions) of the virtual system, e.g.,
If (7) is contracting with respect to the x state variable, the two particular x-solutions, namely, z and w, will converge to each other. Synchronization is then attained. To prove synchronization of (5) and (6), it will suffice to show that (7) is contracting with respect to the x state variable. Differentiation of (7) with respect to x yields
Contractivity is then ensured by making the Jacobian matrix uniformly negative definite (see [10] and [13] ).
B. MSF Approach
Let x s (t) be a trajectory of (1) with initial conditions x s0 . The Lyapunov exponents for x s (t) are defined as follows.
Definition 1: The Lyapunov exponents of the flow φ(x s0 ) are defined to be the Lyapunov exponents of the associated stroboscopic time-T map.
Thus, the Lyapunov exponents of a flow are defined in terms of the Lyapunov exponents of a map, i.e., the time-T map. Namely, let g : R m → R m be a smooth map, and let g (n) be the nth iterate of g. Define J n = (∂g (n) /∂x n ), and let Σ be the m-dimensional sphere of unitary radius with J n Σ representing the deformation of the sphere after n iterations of the map. In addition, let r n k be the length of the kth longest orthogonal axis of the ellipsoid J n Σ for an orbit with initial point
Thus, the Lyapunov exponents measure the rates of divergence of nearby points along m orthogonal directions determined by the dynamics of the flow. The MSF approach makes use of the following assumptions, as shown in [14] and [15] : 1) The coupled oscillators (nodes) and the coupling functions are all identical; 2) the synchronization manifold is an invariant manifold; and 3) the coupling functions are well approximated near the synchronous state by a linear operator. The main idea in [5] is to derive the variational equation from (2) describing small variations ξ k of the trajectories of (2) from the synchronous evolution, e.g., x s (t). This equation is then block diagonalized to givė
For k = 0, we have the variational equation along the synchronization manifold; all other k's correspond to transverse eigenmodes to such manifold. Hence, it is shown that local stability of the synchronous evolution can be captured by the computation of the maximum Lyapunov exponent as a function of α, i.e., the MSF.
IV. COMPARISON BETWEEN THE CONTRACTION THEORY AND THE MSF
We start by looking at the representative example of two coupled Rossler oscillators of the form ⎧ ⎨
We study the cases when coupling is active only on the x-variable (ε y = ε z = 0), or only on the y-variable (ε x = ε z = 0), or on all variables (ε x = 0, ε y = 0, and ε z = 0). A shown in Section III-A, a possible virtual system is ⎧ ⎨ ⎩ẋ
We assume that a = 0.2, b = 0.2, and c = 2.5, so that each Rossler system has a chaotic attractor. The virtual velocities of (13) are expressed as ⎡ ⎣ δẋ δẏ δż
The symmetric part of the Jacobian in (14) in the case of coupling on the x-variable (ε x = 1) is
Analytical computation of the eigenvalues of (15) reveals that an eigenvalue is always positive, implying that (13) is not contracting. However, it is well known that the two systems can be synchronized for small coupling strengths: indeed, in [15] and [16] , it is shown that the MSF is negative for small α. The symmetric part of the Jacobian in (14) in the case of coupling on the y-variable (ε y = 1) is
The analytical expression of the eigenvalues of J s in (16) reveals that an eigenvalue is positive definite and independent on α, implying that (13) is not contracting. However, we know that chaotic Rossler systems can be synchronized for a sufficiently large coupling strength, i.e., their MSF is negative for large coupling strengths. The symmetric part of the Jacobian in (14) in the case of coupling on all the state variables (ε x = ε y = ε z = 1) is
The eigenvalues of (17) are all dependent on the coupling strength: particularly, the increase of the coupling strength causes the decrease of the eigenvalues. Thus, for large enough coupling strengths, the system is contracting, and the two Rossler systems synchronize. This result is confirmed by studying the MSF, which is negative for large α. The example indicates that if a virtual system is contracting, the MSF is negative, but the opposite, as expected, is not true.
Remark 1:
The MSF provides local conditions for synchronization that need to be numerically checked, and the construction of a virtual system and the ensuing analysis provide a stronger stability result, which is global and can analytically be proven.
Remark 2: The MSF approach requires a priori knowledge of the existence of the synchronization manifold. The contraction theory, instead, does not require the knowledge of a specific attractor to perform stability analysis.
A. Lyapunov Exponents and Contraction Theory
Corollary 1: If Theorem 1 holds with C ≡ R m , then the transverse Lyapunov exponents to all the system trajectories are negative.
Proof: Given a generic trajectory x s (t), from Definitions 1 and 2, we haveJ t = A(t)J t (18) where J t = (∂φ(x s0 )/∂x), and A(t) = (∂f /∂x). To prove the theorem, we show that if the contracting property holds, then the volume of any given ball of initial conditions in state space shrinks. To do this, we use the Liouville's formula, which is given by
where Δ t = det(J t ). From (19) , the following result can be obtained:
If the system is contracting, then
This hypothesis holds for all x(t) and for all t ∈ R + : particularly, it will be true for x s . From [17, p. 398], we know that the trace, the determinant, and all principal minors of a negative definite matrix are negative. Thus, the integral in (20) is negative, which means that the volume of any given ball in phase space decreases.
V. SYNCHRONIZATION

A. Synchronization of All-to-All Networks
Theorem 2: Consider a network of N nodes with an all-toall topology. If the network dynamics are contracting for some range of the coupling strength A, then the MSF will be negative in the same range.
Proof: The virtual system corresponding to a network of N elements with an all-to-all topology iṡ
System (22) is contracting if
with β > 0. Since an all-to-all network can be viewed as a complete graph, and since the Laplacian matrix for such a graph has one zero eigenvalue (the first) while the others are all equal to N , as shown in [18, Lemma 13.1.3, p. 280], it is possible to rewrite (10) asξ
for each transverse mode, i.e., k = 0. The matrix in (24) has the same expression of the Jacobian (23). As the virtual system is contracting in some range A of the coupling strength by hypothesis, then system (24) will be contracting over the same range. Following Corollary 1, the maximum Lyapunov exponent of (24) is negative, and the theorem remains proved. Example 2: Theorem 2 is applied to reinterpret the behavior of two Rossler systems coupled on all state variables. We have already pointed out that the virtual system corresponding to the network of two coupled Rossler systems is contracting. From (10), the variational equations for the modes of the synchronous state of the network arė
Since the matrix in (26) is equal to the Jacobian matrix of the virtual system and is contracting for all (x, y, z) for large enough α, this will be true for (x s , y s , z s ). Thus, the dynamics of the transverse modes are contracting if α is sufficiently large, implying negativity of the MSF in the same range of the parameter α.
Remark 3: Note that the higher the value of N [set equal to 2 in (26)], the lower will be the value of α that synchronizes the network.
B. Synchronization of Networks With a General Topology
Theorem 3: Consider a network with N identical nodes. If the network topology contains only one connected component (Hypothesis 1), the coupling functions are strictly increasing (Hypothesis 2), and the virtual system is contracting for some range of the coupling strength A (Hypothesis 3), then the MSF will be negative if the coupling strength α is sufficiently large.
Proof: For a network with a general topology, the virtual system can be chosen aṡ
where N x denotes the set of nodes adjacent to the virtual node x, and deg(x) indicates the degree of the virtual node. The Jacobian of (27) is
The coupling that guarantees synchronization depends on deg(x). Since the system is contracting, and since the coupling function is positive definite, there will exist an α * such that ∀α > α * , the network synchronizes. Notice that α * can be thought of as the α that synchronizes the network when deg(x) = deg min (x), deg min (x) being the minimum degree of the network nodes. By comparing (10) and (28), we find that they will formally be equal if
To check the stability of the synchronous state, the transverse modes have to be considered. Since the network topology is connected, then λ 2 = 0, and since λ 2 is the smallest nonzero eigenvalue, we can conclude that the MSF will be negative ∀α ≥ (α * /λ 2 ). Remark 4: Theorem 3 shows that α and α * are related by means of λ 2 . In particular, if λ 2 > 1, then the MSF becomes negative for a value of α lower than that required for the virtual system to become contracting. The opposite happens if λ 2 < 1. The two coupling strengths coincide if λ 2 = 1.
Remark 5: Hypothesis 2 of Theorem 3 is satisfied in many practical situations, e.g., in biological systems, neural networks, and multiagent systems [19] . Moreover, if Hypothesis 2 is relaxed, it is trivial to prove that if the virtual system is contracting over some range A, there exists a bounded set of values of the coupling strength that guarantees negativity of the MSF, i.e., there will exist α * and α * * such that α * ≤ α ≤ α * * . This corresponds to using the eigenratio λ 2 /λ N as the MSF.
VI. NUMERICAL VALIDATIONS
To validate Theorem 3, we used the classical oscillator defined in [20] aṡ
We assume that the coupling between nodes is linear and acts on both state variables. Using a virtual system constructed as in (27), it is easy to see that Hypotheses 2 and 3 of Theorem 3 are satisfied. We now consider two connected network topologies of N = 1000 nodes in order to satisfy Hypothesis 1 of Theorem 3.
A. Nearest Neighbor Network
This topology presents a small algebraic connectivity, thus; the coupling strength α, which is computed as required by Theorem 3, is expected to be large (in this case, α ∼ = 12 000). In Fig. 1 , the behavior of the network state variables when the coupling strength is increased from 0 to α at time t = 10 s is shown.
B. Small World Network
The algebraic connectivity is increased by adding new links, with a uniform probability, to the nearest neighbor topology of Section VI-A. Then, the coupling strength, which is computed using Theorem 3, considerably decreases with respect to the previous case. In Fig. 2 , the behavior of the states of the network and the applied coupling strength is shown (in this case, α ∼ = 800).
VII. CONCLUSION
We have discussed the relationship between two approaches to study synchronization of networks of oscillators: 1) the contraction theory and 2) the MSF. Using the contraction principle, we established a link between contractivity of a dynamical system and its Lyapunov exponents. This allowed us to propose a rigorous formal relationship between contractivity and the MSF. In particular, we found that contractivity of the virtual system implies negativity of the MSF, but that the opposite does not hold. The link between the contraction principle and the MSF was further explored by considering the problem of synchronizing a network with an all-to-all connection topology. It was shown that, as predicted when the MSF is used, the contraction theoretic approach also predicts the network synchronizability to improve as the number of oscillators increases. The analysis was then generalized to the case of a network with an arbitrary topology and numerically validated on a network of nonlinear oscillators.
